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Solving Electrical Circuits Using Matrices and Matrix Operations

Topics: Nodal equations using Kirchhoff's current law.  Admittance matrix and its building algorithm.  Gaussian elimination.  

1.
Admittance Matrix (i.e., the “Y” matrix)
Most power system networks are analyzed by first forming the admittance matrix.  The admittance matrix is based upon Kirchhoff's current law (KCL), and it is easily formed and very sparse.

Consider the three-bus network shown in Figure that has five branch impedances and one current source.
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Figure 1.  Three-Bus (i.e., Node) Network

Applying KCL at the three independent nodes yields the following equations for the bus voltages (with respect to ground):


At bus 1, 
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At bus 2, 
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At bus 3, 
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Collecting terms and writing the equations in matrix form yields
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or in matrix form,
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where Y is the admittance matrix, V is a vector of bus voltages (with respect to ground), and I is a vector of current injections.

Voltage sources, if present, can be converted to current sources using the usual network rules.  If a bus has a zero-impedance voltage source attached to it, then the bus voltage is already known, and the dimension of the problem is reduced by one.

A simple observation of the structure of the above admittance matrix leads to the following rule for building Y:

1.
The diagonal terms of Y contain the sum of all branch admittances connected directly to the corresponding bus.

2.
The off-diagonal elements of Y contain the negative sum of all branch admittances connected directly between the corresponding busses.

These rules make Y very simple to build using a computer program.  For example, assume that the impedance data for the above network has the following form, one data input line per branch:


 From
To
Branch Impedance (Entered


Bus
Bus
as Complex Numbers)


1
0
ZE


1
2
ZA


2
0
ZB


2
3
ZC


3
0
ZD

The following instructions would automatically build Y, without the need of manually writing the KCL equations beforehand:

COMPLEX Y(3,3),ZB,YB

DATA Y/9 * 0.0/

1
READ(1,*,END=2) NF,NT,ZB

YB = 1.0 / ZB

C  MODIFY THE DIAGONAL TERMS

IF(NF .NE. 0) Y(NF,NF) = Y(NF,NF) + YB

IF(NT .NE. 0) Y(NT,NT) = Y(NT,NT) + YB

IF(NF .NE. 0 .AND. NT .NE. 0) THEN

C  MODIFY THE OFF-DIAGONAL TERMS

  Y(NF,NT) = Y(NF,NT) - YB

  Y(NT,NF) = Y(NT,NF) - YB

ENDIF

GO TO 1

2
STOP

END
Of course, error checking is needed in an actual computer program to detect data errors and dimension overruns.  Also, if bus numbers are not compressed (i.e. bus 1 through bus N), then additional logic is needed to internally compress the busses, maintaining separate internal and external (i.e. user) bus numbers.

Note that the Y matrix is symmetric unless there are branches whose admittance is direction-dependent.  In AC power system applications, only phase-shifting transformers have this asymmetric property.  The normal 30o phase shift in wye-delta transformers creates asymmetry.  

2.
Gaussian Elimination and Backward Substitution

Gaussian elimination is the most common method for solving bus voltages in a circuit for which KCL equations have been written in the form
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Of course, direct inversion can be used, where
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but direct inversion for large matrices is computationally prohibitive or, at best, inefficient.

The objective of Gaussian elimination is to reduce the Y matrix to upper-right-triangular-plus-diagonal form (URT+D), then solve for V via backward substitution.  A series of row operations (i.e. subtractions and additions) are used to change equation
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in which the transformed Y matrix has zeros under the diagonal.
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where Rows 1 of Y' and I' are the same as in Y and I.  The above equation can be written in abbreviated column form as
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where the individual column vectors Zi and Ii have dimension N x 1.  The above equation can be solved as N separate subproblems, where each subproblem computes a column of Z.  For example, the kth column of Z can be computed by applying backward substitution to
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Each column of Z is solved independently from the others.
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